The possible torsion groups of elliptic curves induced by Diophantine triples over quadratic fields, which do not appear over Q, are Z/2Z × Z/10Z, Z/2Z × Z/12Z and Z/4Z × Z/4Z. In this paper, we show that all these torsion groups indeed appear over some quadratic field. Moreover, we prove that there are infinitely many Diophantine triples over quadratic fields which induce elliptic curves with these torsion groups.
Introduction
A set {a 1 , a 2 , . . . , a m } of m distinct nonzero rationals is called a rational Diophantine m-tuple if a i a j + 1 is a perfect square for all 1 ≤ i < j ≤ m. The Greek mathematician Diophantus of Alexandria was the first who studied the existence of Diophantine quadruples in rationals. He discovered a rational Diophantine quadruple { In 1969, Baker and Davenport [3] proved that Fermat's set cannot be extended to a Diophantine quintuple in integers. It was proved in [11] that there does not exist a Diophantine sextuple of integers and there are only finitely many such quintuples. Euler extended the Fermat set to a rational quintuple {1, 3, 8, 120, 777480 8288641 }, and found infinitely many rational Diophantine quintuples (see [20] ). The first example of rational Diophantine sextuple was given by Gibbs in [18] . It was the set { Recently, in [15] , it was proved that there are infinitely many rational Diophantine sextuples.
The problem of extendibility and existence of Diophantine m-tuples is closely connected with the properties of elliptic curves associated with them. Let {a, b, c} be a rational Diophantine triple. This means that there exist nonnegative rationals r, s, t such that
If we want to extend Diophantine triple {a, b, c} to a quadruple, we have to solve the system
The elliptic curve assigned to the system (2) is E :
We say that the elliptic curve E is induced by Diophantine triple {a, b, c}. By Mazur's theorem [26] , there are at most four possibilities for the torsion group over Q for such curves: Z/2Z × Z/2Z, Z/2Z × Z/4Z, Z/2Z × Z/6Z and Z/2Z × Z/8Z. In [12] , it was shown that all these torsion groups actually appears. Moreover, it was shown that every elliptic curve with torsion group Z/2Z × Z/8Z is induced by Diophantine triple (see also [7] ). Questions about the ranks of elliptic curves induced by Diophantine triples was studied in several articles ( [1, 10, 12, 16] ). In particular, such curves were used for finding elliptic curves with the largest known rank with torsion group Z/2Z × Z/4Z ( [16] ).
In this paper, we study possible torsion groups of elliptic curves induced by Diophantine triples over quadratic fields, i.e., we will suppose that a, b, c are elements of some quadratic field and ab + 1, ac + 1 and bc + 1 are squares in the field. According to [23, 24] , possible torsion groups for such curves which do not appear over Q are Z/2Z × Z/10Z, Z/2Z × Z/12Z and Z/4Z × Z/4Z. The last one can only appear over quadratic field Q(i). We show that all these torsion groups indeed appear over some quadratic field and that there are infinitely many Diophantine triples over quadratic fields which induce elliptic curves with these torsion groups. In Section 3, for each of three considered torsion groups, we present particular examples of elliptic curves over quadratic fields with reasonably large rank.
Torsion groups
The coordinate transform x → x abc , y → y abc applied on the curve E leads to the elliptic curve
in the Weierstrass form. There are three rational points on E ′ of order 2:
and other two obvious rational points
Torsion group Z/2Z × Z/10Z
A method for construction of Diophantine triples was known already to Euler, and in details is described in [9] . From that method and (1) we have
Our intention is to construct an elliptic curve E ′ on which the point P = [0, abc] will be of order 5, i.e., 5P = O.
Lemma 1 For the point
Proof: The statement of Lemma 1 follows directly from the condition ψ 5 (P ) = 0, where
and φ m , ψ m , ω m are multiplication polynomials [29, Section 1.3].
Theorem 1 There exist infinitely many quadratic fields K such that for each of them there exist infinitely many Diophantine triples which induce elliptic curves with torsion Z/2Z × Z/10Z over K.
Proof: If r 2 − 1 is a perfect square, then the polynomial from Lemma 1 factorizes as the product of two quadratic factors in a. This condition is satisfied for r = t 2 + 1 2t , t ∈ Q \ {0}, which gives
The roots of the factors are elements of quadratic fields Q( √ t 4 + t 2 − 1), respectively Q( √ −t 4 + t 2 + 1). Note that t 4 + t 2 − 1 and −t 4 + t 2 + 1 are not rational squares, since both conditions t 4 + t 2 − 1 =ỹ 2 and −t 4 + t 2 + 1 =ỹ 2 are birationally equivalent to the elliptic curve
with the torsion group Z/6Z and the rank equal to 0 over Q (and torsion points correspond to t = ±1 for the first curve and t = 0, ±1 for the second curve, which are excluded values since t = ±1 gives r = ±1).
In what follows, let u ∈ Q \ {−1, 0, 1}. The elliptic curve E 1 over the quadratic field Q(v), v = (2u 2 + 2u + 1)(1 − u 2 ), contains the point
We will show that for all but finitely many rational numbers u the point P 1 is a point of infinite order on the curve E 1 over Q(v). Let us consider under which conditions the point P 1 will be a torsion point on the elliptic curve E 1 over Q(v). To check that, we try to find quadratic fields K for which E 1 (K) tors is strictly larger than E 1 (Q) tors . According to [19] , for an elliptic curve with the torsion group Z/6Z over Q, its torsion group over a quadratic field can be extended to Z/12Z, over at most two quadratic fields, and to Z/3Z × Z/6Z, Z/2Z × Z/6Z over at most one quadratic field, each.
• We can use [19, Proposition 12 ] (see also [21] ) to check if torsion group Z/6Z extends to torsion group Z/12Z over some quadratic field. Transformation x → x + 4, y → y, transform the elliptic curve E 1 to
where the point [0, 10] is point of order 6. From the mentioned proposition we conclude that there does not exist a quadratic field over which E 1 has torsion Z/12Z.
• According to [24] , the torsion Z/3Z × Z/6Z can appear only over Q( √ −3). It is easy to show that over Q( √ −3) elliptic curve E 1 has torsion Z/6Z and rank 0.
• Over Q(i), the curve E 1 has torsion group Z/2Z × Z/6Z and rank 0.
The point P 1 is a torsion point over Q(i) for
and in all other cases P 1 is a point of infinite order over Q(i).
We conclude that for every rational parameter u / ∈ {−1, − 2 3 , 0, 1} the point P 1 is a point of infinite order on the curve E 1 over Q(v). Every multiple mP 1 of P 1 generates a Diophantine triple such that the induced elliptic curve E over Q(v) has torsion Z/2Z × Z/10Z. Therefore, there exist infinitely many Diophantine triples which induce elliptic curves with torsion Z/2Z × Z/10Z, over Q(v).
To show that there are infinitely many different quadratic fields obtained with this construction, note that, according to Siegel's theorem [30, Chapter IX.3] , there are only finitely many integer points on the curve
for fixed square-free integer d.
Torsion group Z/2Z × Z/12Z
We prove the following theorem:
Theorem 2 There exist infinitely many quadratic fields K such that for each of them there exist infinitely many Diophantine triples which induce elliptic curves with torsion Z/2Z × Z/12Z over K.
Proof: By the results presented in [15] , Diophantine triples {a, b, c}, where
c = (t + 1)(t 2 − 6t + 1) 2 6t(t − 1)(t 2 + 6t + 1) , induce elliptic curves with torsion Z/2Z × Z/6Z and positive rank (the point of infinite order is P = [0, abc]), for rationals t = −1, 0, 1. In order to obtain a point of the order 12 on that curve, we consider the point of the order 6 which has x-coordinate x(P 6 ) = 2t 4 + 3t 3 − 14t 2 + 3t + 2 3t(t 2 − 6t + 1) .
According to 2-descent proposition [25, Proposition 4.2.], we obtain conditions
The condition (8) leads to the elliptic curve
which has torsion group Z/2Z and rank equal to 1 over Q. The point of infinite order is P ∞ = [27, −108]. For every parameter t which is generated by multiples mP ∞ (m ≥ 2) of the point P ∞ , from (9) we get the elliptic curve over the quadratic field Q( 6t(1 + t 2 )). Therefore, over this quadratic field the Diophantine triple (6) induces the elliptic curve with torsion Z/2Z × Z/12Z.
We conclude that there are infinitely many such quadratic fields, since, according to Falting's theorem [17] , for fixed square-free integer d there are only finitely many rational points on the curve dy 2 = 6t(t 2 + 1)(t 2 − 6t + 1)(t 2 + 18t + 1), of genus 3. This completes the proof of the Theorem 2.
Torsion group Z/4Z × Z/4Z
We show that there are infinitely many Diophantine triples which induce elliptic curves with torsion Z/4Z×Z/4Z and we give their parameterization.
Theorem 3 There exist infinitely many Diophantine triples which induce elliptic curves with torsion Z/4Z × Z/4Z over Q(i). Moreover, there exists a Diophantine triple which induces an elliptic curve with torsion Z/4Z × Z/4Z and positive rank over Q(i)(t).
Proof: Diophantine triples {a, b, c}, where
, induce elliptic curves with torsion Z/2Z × Z/4Z, over Q, for admissible rational t, u (see [12] ). As in proof of the Theorem 2, we apply 2-descent proposition to get torsion Z/4Z × Z/4Z. We obtain conditions
The condition (12) is always satisfied over Q(i). From (13), by using substitutions U = (t 3 + t)u, N = (t 3 + t)n, we get the elliptic curve
with the point P t = [t 2 + 1, (t 2 + 1) 2 ]. It is easy to check that the point P t does not generate an appropriate Diophantine triple, but its multiples mP t , m > 1, do. For m = 2, we obtain
Inserting (14) into (11), we obtain a parametric family of Diophantine triples {a, b, c} where
, which induces an elliptic curve with torsion Z/4Z × Z/4Z, over Q(i)(t). By applying Silverman's specialization theorem [31, Theorem 11.4] (using, for example, the specialization t = 2) it can be shown that the point P = [0, abc] is point of infinite order.
Ranks
By the results of Kenku and Momose [24] and Kamienny [23] , there are exactly 26 possibilities for the torsion group of elliptic curves defined over quadratic fields. Several authors constructed elliptic curves with reasonably large rank and given torsion group over quadratic fields (see [2, 6, 14, 22, 27, 28] ). The current records can be found on the web page [13] . Here we show that in the cases of three torsion groups considered in the previous section, curves with positive rank can be induced by Diophantine triples over certain quadratic fields. In computations of the ranks, we will use mwrank [8] and Magma [5] . Since our curve will have rational coefficients, and in order to determine their rank over a quadratic field Q( √ d) we will use the formula (see [4] )
where E (d) denotes the d-quadratic twist of E.
Torsion group Z/2Z × Z/10Z
By taking u = 3, i.e. v = − The Weierstrass equation of the curve is
Three independent points of infinite order are:
[ Let us mention that the current record for the rank for arbitrary elliptic curves over quadratic fields with torsion group Z/2Z×Z/10Z is 4 (see [6, 2] ).
Torsion group Z/2Z × Z/12Z
By taking multiples 2P ∞ and 3P ∞ from Section 2.2, we get t = 6/35 and t = 41615/426, and in both cases we obtain curves with rank between 1 and 3. For larger multiples, the coefficients of the curves are too large and we are not able to compute reasonable bounds for the rank. For t = 41615/426, we can conclude that the rank of the corresponding curve over Q( √ 5117449349905165) is equal to 3 assuming the Parity conjecture. We can use other parametric families of rational Diophantine triples which satisfy the condition of [15, Lemma 1] , and hence induce elliptic curves over Q with torsion Z/2Z × Z/6Z, as the starting point for our construction, e.g.,
. Now the condition for the torsion Z/2Z×Z/12Z becomes 3(u−1)(u+1)(u 2 + 15) = v 2 . Thus, we may take here u = −7, and we get the curve induced by the Diophantine triple The current record for the rank for arbitrary elliptic curves over quadratic fields with torsion group Z/2Z × Z/12Z is 4 (see [6] ).
Torsion group Z/4Z × Z/4Z
Inserting t = 4/3 in the family of Diophantine triples from Section 2.3, we obtain the curve with rank 6 and torsion group Z/4Z × Z/4Z over Q(i). The current record for the rank over Q(i) for arbitrary elliptic curves with torsion group Z/4Z × Z/4Z is 7 (see [14] ).
